
1 Number Theory

Here are some theorems and conjectures from number theory, as discussed in
my book Equations, the Power and Beauty of Mathematics. by Clement E.
Falbo.
Sometimes the question comes up, "Is mathematics discovered or invented?"

There is a case to be made for saying that the mathematical systems we just
discussed are inventions as opposed to discoveries. We have arti�cially and
deliberately de�ned a set of elements upon which we have arbitrarily assigned
operators called addition and multiplication.
But there is one mathematical system in which (in my opinion) the beautiful

truths are already in the system and just need to be uncovered by clever scrutiny.
It is a more natural topic, namely the "natural numbers." These are the positive
integers in Kronecker�s quote given at the beginning of this chapter. Let us
examine the counting numbers and see what kind of interesting patterns we can
�nd there. The �rst hidden treasure we stumble upon is the path through the
integers, called the prime numbers.

1.1 Prime numbers

Be reminded that the prime numbers are those positive integers greater than 1
that can�t be factored into any factors other than 1 and the number itself. For
example, 13 is prime. It is 1 � 13; and has no other prime factors. But 15 is
composite�not prime, because it can be factored into two primes 3 and 5. The
factors need not be all di¤erent, for example 48 = 2 � 2 � 2 � 2 � 3: We say
it has �ve factors, even though four of them are the same. Actually, it is more
accurate to say that 48 has two prime factors, 2 and 3.
For an easy reference, here is a list of the �rst few prime numbers:

f2; 3; 5; 7; 11; 13; 17; 19; 23; 29; 31; 37; 41; 43; 47; 53; 59; 61; 67; 71; 73; 79; 83g

One interesting thing about prime numbers is that they cannot evenly divide
two consecutive integers. For example, there is no prime number that can evenly
divide both 34 and 35. Look, 34 can be divided by 17 and 2, but neither 2
nor 17 will go into 35; evenly (meaning with a zero remainder). And 35 can
be divided evenly by 7 and 5, but neither of these will go into 34. You might
think, "Ha! I can divide 34 and 35 by 1," well �ne, but the trouble with that
is 1 is not a prime number!
In general, if n is any integer and n+1 is the next integer then n and n+1

cannot have any prime factors in common. You can prove this for yourself by
supposing that for some integer n, a prime number, p, can divide both n and
n+ 1 with 0 remainder then you would get

n+ 1

p
=
n

p
+
1

p

meaning that n+1
p ; np ; and

1
p would be whole numbers, but that would make

1
p

be a whole number, so p = 1; but, fortunately, 1 is still not a prime number!
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This is a very important theorem (a valuable nugget) in the positive integers.
One reason is that we can use it to prove that there is no largest prime number.
Using this fact in 300 BCE, Euclid gave a proof that there are in�nitely

many prime numbers. Here it is.

1.1.1 Euclid�s proof that there are in�nitely many primes

Suppose that there are only a �nite number of primes and suppose that n is the
last prime, that is, n is the largest possible prime number. Then let M be the
product of all prime numbers less than or equal to n:

M = 2� 3� 5� 7� 11� :::� n

Now, add 1 and look at M + 1: Either M + 1 is either prime or not prime.
If M + 1 is prime then it is bigger than the supposed biggest prime, n. So,
this is impossible. On the other hand, if M + 1 is not prime, then it must
have prime factors, none of which can be factors of M , because, as we have just
said, no two consecutive integers like M and M + 1 can have a common prime
factor. Therefore, any prime factor, p of M +1 cannot be less than or equal to
n meaning that all of the prime factors of M +1 are greater than n. This, also,
is impossible. On the other hand, ....Wait! There is no other hand. Therefore,
by the tradition of logic, we have proved that there is no largest prime.
Other theorems about primes were also proved two millennia ago. Around

275 BCE, Eratosthenes showed how you could �lter out the prime numbers from
the composites by a method we call the Sieve of Eratosthenes.

1.1.2 Mersenne primes

Less remotely, in the 1500s and 1600s, Marin Mersenne, Pietro Cataldi and
others studied the speci�c problem of trying to �nd numbers, n such that 2n�1
is prime. These are known as a Mersenne Primes and no one knows whether
there are in�nitely many such primes. The �rst four Mersenne primes are:

M2 = 22 � 1 = 3
M3 = 23 � 1 = 7
M5 = 25 � 1 = 31
M7 = 27 � 1 = 127

and each time a new one is found by somebody using a computer algorithm, it
is publicly announced in a geeky race to �nd the largest known Mersenne prime.
The day after Christmas 2017, the 50th one called M77232917 was found after
a fourteen year search by Jonathan Pace, an electrical engineer from Tennessee.
He used the Great Internet Mersenne Prime Search (GIMPS) algorithm getting

277;232;917 � 1

This prime number has 23; 249; 425 digits. The GIMPS algorithm is being used
to produce new larger Mersenne Primes at the rate of about one per year.
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Meanwhile, during the past 2000 years, mathematicians have been raising
other questions about primes.

1.1.3 Prime gaps

How long a gap can there be between two consecutive prime numbers? The
answer is that gaps can be made larger than any size you specify. But gaps
do not just constantly increase, sometimes they get longer and some times they
get smaller. For the integers less than 130 there is a gap of 13 between 113
and 127; every integer between 113 and 127 is composite. Then it drops back
down to 3 between 127 and 131. Is it possible for a gap of some size to repeat
itself in�nitely many times? As we shall see, some major puzzles concerning
the gaps in prime numbers have been resolved, as recently as 2014.

1.2 The prime number theorem

A big question in number theory is: Given any positive integer n, how many
primes are less than n? The answer is given as �(n): But, alas, this is not the
� which stands for the ratio of the circumference of a circle to its diameter, it
is just a use of the Greek letter � to stand for p in the word, prime. The way
you read �(n) is simply, "the number of primes less than n." Despite what we
said earlier about modern notation being the best there is for its purposes, we
must confess that mathematics is riddled with enough notational ambiguities
and double entendres to classify it as a branch of poetry.
It is easy to compute the number of primes less than any given positive

integer, n, by brute force; that is listing all the primes and counting them.
Well, it is easy if the number n is not very big, like, say, n < 100.
For example, in the list of the primes f2; 3; :::; 83g given at the beginning of

this section you can see, by counting that there are 23 primes less than or equal
to 83. That is, �(83) = 23: But what about a large number, like 1; 000; 000?
Using a computer we can say:

�(1; 000; 000) = 78; 498

Listing them and counting them is out of the question without extremely pow-
erful computers. Even then, we cannot, at this time, make a general statement
such as, "If n is any positive integer, then there is a formula, f , written in terms
of known functions of n which allows us to calculate the exact number of primes
that are less than n."
In the 1700�s, mathematicians were struggling to �nd some kind of formula

that would even roughly approximate the number of primes less than n. They
were searching for a good approximation to the "pie in the sky," �(n): Nobody
found one. In 1798, the French mathematician Adrien Marie Legendre did
come up with a pretty good one, which has been the one most used even up to
today�it is this:

�(n) � n= ln(n); for n � 6

3



where ln(n) is the base e logarithm of n: (We will discuss logarithms in a later
chapter.) If we apply this formula to the number 83; we expect to get something
close to 23:

83= ln(83) = 83=4:4188::: � 19

Not great, but not too bad either. Since 1798, some re�nements have been
made to give us slightly better answers.1 But the important thing is that the
Legendre formula approaches �(n) as n gets larger and larger. Two French
mathematicians, Jacques Hadamard and Charles-Jean de la Vallee Poussin,
proved this in the 1890�s and it is known as the prime number theorem.
If n > 2 and �(n) is the number of primes less than n, then

lim
n!1

�(n)

(n= ln(n))
= 1

This is often stated as: "n= ln(n) is asymptotic to �(n):"
Examples: If n = 100; then by counting, the number of primes less than

100, we get 25 as the actual value of �(100): But by the Legendre formula,
100= ln(100) � 100=4:605 � 22 So,

�(100)

(100= ln(100))
=
25

22
= 1:13636:::

For n = 10; 000; 000; the Legendre formula gives us

10; 000; 000= ln(10; 000; 000) = 620; 420

instead of the actual value for �(10; 000; 000) which is 664; 579: For this n the
ratio is

�(n)

n= ln(n)
� 1:0711748:::

1.3 Goldbach conjecture

We have already mentioned one unsolved problem in the prime numbers. In
1742, the German mathematician, Christian Goldbach wrote letter to Leonard
Euler, proposing two conjectures, which may be stated as follows:

GC1. Every even integer � 6 can be written as the sum of two primes.

GC2. Every odd integer � 9 can be written as the sum of three odd primes.

It is understood that the words two primes need not mean two distinct
primes and, similarly, three primes also can mean that all three primes are the
same. An example of GC1 for the even number n = 6 is 3+ 3 and, in GC2, for
the odd number n = 9, just use 3 + 3 + 3.
He did not prove either conjecture in this letter, but Euler did observe that

GC2 could be proved from GC1. That is, if we assume GC1 is true then

1One example is �(n) � n= ln(n) + n=(ln(n))2
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GC2 must be true. For this reason, GC1 has been called the Strong Goldbach
Conjecture and GC2 has been called the Weak Goldbach conjecture.
Here is how we could prove the weak one by assuming the strong one.
Proof:
Assume GC1. Every even integer � 6 can be written as the sum of two

primes.

1. Let n be any odd number � 9

2. So, n; can be written as 2k + 3; for some integer k. Let n = 2k + 3

3. Since n = 2k + 3; then n� 3 = 2k, an even number

4. Being even, n�3 can be written, by GC1, as the sum of two primes p and
q, that is n� 3 = p+ q

5. Therefore n = p+ q + 3; the sum of three odd primes

Of course, this little exercise is not a stand alone proof of the weak, because
it depends upon the strong, which has not been proven yet, as of the year 2018.
Actually, GC2 has an interesting bifurcated biography. In 1923, British

mathematicians G. H. Hardy and J. E. Littlewood proved it, but only if they
were allowed to assume a still not proven conjecture called the Grand Riemann
Hypothesis, GRH (which we will not state here). And in 1937, GC2 was proven
(without assuming either GC1 or GRH) by the Russian mathematician, I. M.
Vinogradov.

1.4 Additive prime number theory

But for the past 275 years, no one has ever been able to prove GC1; without
assuming some other equivalent conjecture. So exactly what have these people
been doing all these years, just wasting their time? No, they have been adding
new conjectures, proving theorems that are modi�ed versions of GC1, such as
having extra terms in the equation. In these cases, their goal is to �nd new
proofs which reduce the extra terms, or better yet to eliminate them, in order to
get down to just two primes. These problems, GC1 and GC2 as well as other
theorems and conjectures are called additive prime number theory, a branch of
analytic number theory. Some examples are as follows.
In 1895, Emile Lemoine, a French mathematician, conjectured that every

positive odd integer is the sum of a prime and twice a prime. Mon Dieu! If
we could just reduce that to three odd primes, we would have GC2.
In 1919, Viggo Brun, a Norwegian mathematician proved that every even

number is the sum of two numbers, each having at most nine prime factors. If
we could reduce the number of prime factors to just one instead of nine, for
each number, we would have it made!
In 1930, Lev Schnirelmann, a Russian mathematician, proved that every

positive integer greater than 1 can be written as the sum of not more than C
primes; his number for C was 800; 000. Boje Moi! Over a few decades, this
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number was reduced by various mathematicians. In 1983 a Swedish mathemati-
cians Hans Reisel reduced the number C to 17: Finally, C became reduced to
6 in 1995 by the French mathematician, Olivier Ramar·e. We want a proof in
which C = 2, not 6.
In 1953, the Russian mathematician,Yu V. Linnik, proved that every su¢ -

ciently large odd number can written as the sum of two primes plus K powers of
2. This had been proved for numbers as large as K = 54; 000, but, later K was
reduced by several mathematicians, and in 2002, two British mathematicians
D. R. Heather-Brown and J. C. Puchta, brought down the size to K = 13.
Gorblimey! What we want here is a third prime and K = 0, not 13, in order
to get GC2:
Probably the best result yet is one called the "(1; 2) theorem", proved by

the Chinese mathematician, Chen Jing Run. In 1983, Wang Yuan edited the
book Goldbach Conjecture, in which he states,

The study of Goldbach conjecture has had very great achieve-
ments since 1920. In particular, I. M. Vinogradov proved in 1937
the three primes theorem and Chen Jing Run established the (1,2)
in 1966. Furthermore, we must point out that the investigation on
(the) Goldbach conjecture has given tremendous impetus on the cre-
ation and development of many powerful number-theoretic methods
which are very useful not only in number theory itself but also in
many other �elds of mathematics.

Although Chen stated his theorem in 1966, he did not publish his proof until
1972:

1.4.1 Chen�s Theorem, (1,2)

For a large enough n, every even number, 2n, can be written either as the sum
of two primes or the sum of a prime and a semi-prime.2

We will not attempt to write out this di¢ cult proof here. But there is a
new theorem, almost as neat, as Chen�s Theorem that can easily be proved.
It happens to overlap Chen�s but can be proved in a very simple way, without
using Chen�s Theorem.
I will present this theorem here and I have not seen it published elsewhere,

so this may be its world�s premier.

1.4.2 Theorem. (prime plus relatively prime)

For all n � 4, the even numbers 2n can be written either as the sum of two
primes or the sum of a prime and an odd number relatively prime to n.
First, we need to see a de�nition for what it means to say two integers are

relatively prime.

2A semi-prime is a composite number that has exactly two (odd) prime factors, not neces-
sarily distinct. For example, 9 is a semi-prime because 9 = 3� 3; but 45 is not a semiprime,
because 45 = 3� 3� 5: It has three prime factors.
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De�nition: Two numbers a and b are relatively prime means that they
have no common factors other than 1.
Examples: 9 and 14 are relatively prime; the prime factors of 9 are (3; 3)

and the prime factors of 14 are (2; 7) ; so they have no common factors, other
than 1. But 9 and 15 are not relatively prime because they both have 3 for a
common factor.

Proof:
Let n � 4, and write out a complete factorization of 2n:

2n = 2� (2a0 � pa11 � :::� pann )

where pn is the largest prime factor of n. There is a prime between pn and 2pn,
as we shall see later, by the Bertrand-Chebyshev Theorem. Let pn+1 be such
a prime.

pn < pn+1 < 2pn � 2n

Now let

r = 2n� pn+1
r = odd. Why?

r + pn+1 = 2n

So r is an odd number and pn+1 is a prime and their sum is 2n: Either r is
prime or not. If r is prime, then r and pn+1 are two primes adding up to 2n.
If r is not prime, it is relatively prime to 2n otherwise, 2n and r have a

common factor k 6= 1: Then 2n � r could not be the prime number pn+1.
Thus, r and n are relatively prime since r is relatively prime to 2n. This is
because if r divides n, then r divides 2n:

Notation: Let us call Chen�s Theorem the PSP for prime-semi prime
theorem and the new theorem we just proved, the PRP , for prime-relatively
prime theorem.
I say that PSP overlaps PRP because sometimes the semi-prime in Chen�s

theorem is relatively prime to n, and sometimes it is not. Also the relatively
prime number, r, in PRP is not always a semi prime.
Example: If 2n = 44; then, by both PSP and PRP

44 = 13 + 31, prime + prime

By PSP

44 = 11 + 33, prime + semi prime (not relatively prime)

By PRP

44 = 17 + 27, prime + relatively prime (not semi prime)

Sometimes an attempt to prove Goldbach will depend upon some assertion
that is either erroneous or turns out to be actually equivalent to Goldbach.
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Equivalent means that the assertion can be proved by assuming Goldbach and
Goldbach can be proved by assuming the assertion. There is nothing wrong with
this, and it could even be useful in giving us another way to look at Goldbach.
Actually, both of them could be false, or true.
Here is an equivalent conjecture, that we can use to help shed some light on

Goldbach.
Conjecture (Prime Symmetry)..

SYM. If n � 2 there is always at least one non-negative integer r < n such
that each of n� r and n+ r is a prime.

Among other things, this says,

1. Every number n � 2 either is prime or half-way between two primes.
2. Every pair of primes whose sum is 2n, must be symmetric to n.

By saying that a pair of primes, (p; q) is symmetric to any number n � 2, we
mean that n is the average of the two primes. In other words, we are saying
that there is a number r, such that 0 � r � n and one of p or q must be n� r
and the other must be n+ r. If n is prime then r = 0 and p = q.

Theorem (Equivalence with Goldbach)
The SYM is true if and only if the GC1 is true.
Proof: Left to the reader.
Neither has been proved true nor false, for every integer yet. Apparently, the

prime symmetry conjecture, itself, is not easy to prove because if it were then
Goldbach�s would already be a¢ rmed. So far, since the Goldbach conjecture
is known to be true for all integers up to 2n = 4 � 1017, a four followed by
seventeen zeros, then the prime symmetry conjecture is also true for equally
large numbers. So SYM gives us an easy way to �nd Goldbach pairs, (primes
p and q that add up to 2n) for any even number 2n, such that

4 � 2n � 400; 000; 000; 000; 000; 000

Here it is, we will call it the SYM Algorithm for �nding Goldbach Pairs for
any such small even number3 .

SYM ALGORITHM

1. For any such even number 2n, consider n, n � 3.
2. If n is odd, �nd n � r for every even number, r less than n: Include

r = 0, but not r = n� 1.
3. If n is even, �nd n � r for every odd number, r less than n. Include

r = 1, but not r = n� 1.
3The even number n = 2 is a special case, since 2 is the only even prime. Therefore, r = 0

and 4 = (2� 0) + (2 + 0)
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4. Any number r for which both n � r and n + r are primes, n � r is a
Goldbach pair.

Example: Suppose 2n = 28:
1. n = 1

228 = 14
2. n is even. Find 14� r; where r is one of the the 6 odds, f1; 3; 5; 7; 9; 11g;

(not including 13)

f14� 1; 14� 3; 14� 5; 14� 7; 14� 9; 14� 11g

Of these, there are exactly two prime pairs

f(13; 15); (11; 17)�; (9; 19); (7; 21); (5; 23)�; (3; 25)g

If you had wanted to �nd only one Goldbach just stop when you get the �rst
one (11; 17).
In the graph, Figure 3:4 below, we will illustrate small even numbers having

2 or more Goldbach pairs.
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Figure 3.4 Primes of the form n� r

In Figure 3:4, we run n from 3 to 67 and compute up to three values of r,
such that n� r are primes. It is an interesting pattern and has a nice pleasant
symmetrical graph. It was constructed as follows:
1) Red: for each integer, n, we select the smallest value of r that can be

used to �nd primes of the form n� r; and we plot n� r and n+ r, in red.
2) Green: for each integer n, we �nd the second smallest value of r (if it

exists) that makes n� r prime and plot those in green.
3) Purple: For each n, the next smallest value (if it exists) of r that makes

n� r prime is plotted in purple.
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1.4.3 Millions of Goldbach Pairs

In the above table and graphs, we have computed only the �rst few values of r
for which n� r are prime. It can be shown by examples, that for large enough
numbers n there can be hundreds, thousands, even millions of Goldbach pairs
that add up to 2n. But in the midst of all these riches, we still (in 2018) have
not proved that it is true that for any unspeci�ed number n, there must be at
least one single pair of primes whose sum is 2n.

1.5 Other paths on the Prime number trail

But the Goldbach conjecture is not the only interesting shining gem hidden in
the counting numbers. There are many theorems and conjectures about primes,
prime gaps and prime formulas.
One major unsolved problem is: If n is any positive integer does there always

exist a prime between the two consecutive squared integers n2 and (n + 1)2?
For example, we know that there is a prime number between 49 and 64, that
is between 72and 82; and that there is a prime between 400 and 441, (202 and
212) But is this always true? The general form was conjectured by Legendre
in 1800: What about the question: If n � 4; is there always a prime number
between n and 2n�2? This was claimed to be true, by a French mathematician
Joseph Bertrand in 1845; it was �nally proved by the Russian mathematician
Pafnuty Chebyshev in 1919. It is known as the Bertrand-Chebyshev theorem.
I want to introduce you to one of the most obscure prime number conjec-

tures that, in my opinion, needs to be more widely known because it tells us
something about the ratio of two consecutive primes. Knowing how close two
consecutive primes can be to each other might shed some light on some other
prime number problems. It was posed in 1982 by the Iranian mathematician,
Faridah Firoozbakht.

1.5.1 Firoozbakht conjecture:

For all n � 1, if pn is the nth prime number, then the next prime pn+1 is less
than pn� the nth root of pn.
She actually stated it as

pn+1 < pn � p1=nn

It has been veri�ed for n up to 1019:
Examples: Look at a few primes, fp1 = 2; p2 = 3; p3 = 5; p4 = 7;

p5 = 11g, then

3 < 2� 2; 5 < 3� 31=2; 7 < 5� 51=3; 11 < 7� 71=4;

If you check out the computations you will see that

3 < 4; 5 < 5:196; 7 < 8:549; 11 < 11:386

Try it for any prime you want (but make sure you stay less than 1019).
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1.5.2 Dirichlet�s Theorem

In 1837; German mathematician Peter Gustav Lejeune Dirichlet proved that
given any two relatively prime integers a and b, there are in�nitely many non-
negative integers, n, such that a+ nb is a prime.
Examples: There are in�nitely many primes of the form 4 + 7n:

f11; 53; 67; 109; :::g

There are in�nitely many primes of the form 5 + 7n:

f5; 19; 47; 61; 89; :::g

1.6 Twin Primes

A conjecture about primes may have more to do with the gaps in the distribution
of primes, rather than the primes themselves. One such is the following:

There are in�nitely many pairs of twin primes.

This statement has never been proved. Nor has it been proved that there
are only a �nite number of twin primes.
What are twin primes, anyway? A pair of twin primes are two primes that

are two apart, such as f(3; 5); (5; 7); (11; 13); (17; 19); (29; 31); :::g.

1.6.1 Consecutive primes

An important theorem related to twin primes has just recently, (in 2013) been
proved, and we will tell you about it shortly. This new theorem is about
consecutive primes, but what are they?
Two primes, p and q; are called consecutive primes if there are no primes

between them. For example, 31 and 37 are consecutive primes because all of the
numbers between them f32; 33; 34; 35; 36g are composite, but the two primes 41
and 47 are not consecutive because one of the numbers between them, namely
43; is a prime. Twin primes are consecutive primes.
If p and q; with p > q; are two consecutive primes both greater than 3, then

p � q = m; an even number, is called the gap between these two primes. It
means that there are m�1 composite numbers in a row between the two primes.
As we have just noted, twin primes are consecutive primes and have a gap of 2.
Now let some �xed even number 2k be the gap between a pair of consecutive
primes. We have wanted to know, since the time of Euclid, whether or not
there are in�nitely many pairs of consecutive primes with that same size gap of
2k:

1.7 Zhang�s discovery

In April, 2013, a Chinese-American mathematician,Yitang Zhang, while teach-
ing at the University of New Hampshire, wrote a paper giving a proof that there
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are in�nitely many pairs of consecutive primes that have a gap of 70; 000; 000:
This is a long way from a gap of 2, and this seemingly small step toward proving
the twin prime conjecture is actually a giant leap. Up until that time, no one
had ever proved that there are in�nitely many pairs of consecutive primes that
are some given �xed number apart.
Many mathematical discoveries these days are the results of a team e¤ort of

several mathematicians working together at a large research oriented university
or a well-�nanced institute; so, it is remarkable that Dr. Zhang developed this
result while working alone, as a lower ranking faculty member in the mathe-
matics department. (He had to supplement his salary by working in a fast food
restaurant.)
Of course, he did have access to other papers related to this discovery, but he

persevered on his own to ferret out this result. After his paper was published,
other mathematicians started using Zhang�s method. Within weeks, a team
called the Polymath 8 Project narrowed the gap considerably, proving that there
are in�nitely many consecutive prime pairs with a gap of 5414. They later
narrowed the gap to 246: They are marching toward a proof of the twin prime
conjecture.
Dr. Zhang became an instant celebrity, winning 3 mathematical prizes, and

becoming the "most famous mathematician in the world" in 2013. He was pro-
moted to full professor at New Hampshire, gave invited lectures at several other
universities, and, in 2015, was lured away to join the faculty at the University
of California at Santa Barbara.

2 What attracts us to primes?

Other than purely academic reasons, why do we want to study these conjectures
and theorems about prime numbers? The practical answers, in the 20th and
21st Centuries, are that we need them for computer security codes used in
�nancial, military, and other operations. For example, a bank or a credit card
company will assign large composite numbers to a system of accounts. The
prime factors of these composite numbers are known only to the institution,
itself. This is supposed to provide security against anyone who wants to pry
into the records of clients.
Unfortunately, this can break down as computers become more capable of

factoring larger and larger numbers and as algorithms and hackers become more
sophisticated. In a sort of "arms race," the institutions �ght back with even
more cryptic codes. Even the matrix codes we discussed in Chapter 2 have
their limitations against the really powerful super computers.
On the other hand, mathematicians want to prove theorems about prime

numbers in order to better understand the number system. From this they
hope to gain insights into many interesting and important truths which, for a
mathematician is the Holy Grail.
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2.1 How Mother Nature uses integers

The counting numbers and the prime numbers are always available for all human
beings, and other creatures, to work with or play with or to otherwise make use
of. Ravens, and other members of the covidae will count how many hunters
entered a cabin and how many left, so they could know when it was safe to come
out of hiding and do their ravenly things.
Nature even has her own agenda in the use of prime numbers. Certain

species, such as the 13year locust or the 17year locust have evolved to hide their
reproductive cycles in prime numbers. For example, if one of their predators has
a population burst every 4 years, it will not be able to �nd the 17 year locust
for 68 years, 68 being the least common multiple of 17 and 4. In other words,
the predator would have gone through 17 four-year generations without a single
locust to eat.
Of course, this does not mean the predators would die out, but their pre-

ferred food would be harder to get, and the prey has improved its survival rate.
Otherwise, if against this same 4 year predator, the locus species re-emerged
every 16 years, the predator would be there waiting for them every fourth gen-
eration, thereby reducing the 16 year locusts�survival rate. This is a simpli�ed
version of what really happens, but it does illustrate an interaction between the
periodicity of multiples of prime numbers.
In April 2018, the journal, Communications Biology published an article,

reporting that if the 13year Locust and 17year locust emerge, at the same time,
they hybridize, thus improving their genetic vigor. In order for their emergence
to occur simultaneously, the two cycles must coincide at a number that is a
multiple of both 13 and 17. The least common multiple of these two prime
numbers is 221. This means that every 221 years they get together and have a
big party, and they have been doing this for about 100; 000 to 200; 000 years.

2.2 What is hidden between the integers?

This wraps up what we wanted to say about number theory. It feels like we
have been travelling through a forest, the counting numbers. Our ride is down
a special path between the giant sequoias, the prime numbers. But now it
will be necessary to dismount and spend some time looking at ground between
the trees: the squirrels, the small wild �owers, the Stellar Jays, the butter�ies
the spider mites, and the microbes. What is going on with the life of these
fractions, both rational and irrational? In the next chapter, we propose to
study the number system, with which you are most familiar� the real number
line. Fortunately, the group axioms can provide us with steady support and
guidance.

14


