
Here are some pages on binary operations from my new book: Equations,
the Power and Beauty of Mathematics, by Clement Falbo.

1 How to understand abstract notation

When we start solving problems in various abstract mathematical systems we
must pay attention to the currency of any de�nition or notation speci�c to the
particular system under discussion. For example, in a set of matrices, I might
say let A and B be any two n by n matrices, and de�ne A + B as an n by n
matrix obtained by adding corresponding elements. But later on, in a di¤erent
problem I might say, let A and B be two circles and de�ne A+B to be a circle
whose area is the sum of the areas of A and B. I mean just concentrate on the
current meaning of + not the meaning we had previously assigned.
This is the nature of fresh de�nitions when we say "de�ne your terms,"

used in philosophy, mathematics and legal contracts. The words in any speci�c
contract mean only what they were de�ned to mean in that contract, not what
they may have meant in some other unrelated one.

1.1 What properties can binary operations have?

1.1.1 Closure Law

Here, we will be talking about abstract, unde�ned, generalized combinations of
two things. The actual nature of the combination should emerge, or at least
settle down to a comprehensible concept as we say more and more about it. At
the outset, however, we will say two things: First that we are starting with
a well de�ned set of identi�able elements, and second that a combination of
elements can qualify as a binary operation on that set only if it satis�es the
closure law, meaning that the result of the combination must be one of the
elements in the original given set. Instead of using just the notations + or � or
�; we will subject you to an abstract operator, ~,and de�ne what it stands for
in di¤erent settings.

1.1.2 Associative Law

A law that may be satis�ed by the addition of matrices and other types of things
is A + (B + C) = (A + B) + C. This is called the "associative law." It lets
us conveniently "group" elements that are being added together. You may
remember this from your arithmetic class in elementary school.

3 + 7 + 5 + 4 = (3 + 7) + (5 + 4)

= 10 + 9 = 19

The associative law is important in problems in which you need to combine
(by adding or multiplying) more than just two numbers at a time. If we tried
to apply the associative law to adding odd numbers it would make no sense,
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because neither B + C, nor A + B are numbers in the system of odds. (You
might say, "they are not odd enough to belong to the odd fellows.")
In general, for any operator ~ the associative law would be: x ~ (y ~ z) =

(x ~ y) ~ z: A binary operator without the associative law works only with
two elements at a time. In such a case, we would not be able to infallibly
determine the value of expressions such as x~ y~ z. This would severely limit
the usefulness of the mathematical system with that operator.

1.1.3 Commutative Law

The commutative law: x~ y = y ~ x; for example, A+B = B +A says that if
you add any two elements of a set you get the same thing regardless of the order
in which you add them. There are examples in which the commutative law
does not hold, for example as we learned in Chapter 2, matrix multiplication is
not commutative.
Also, any operator, ~; is not commutative if it requires one process be com-

pleted before the other is begun and is such that these processes could not be
reversed. For example, in a bottling plant, if you �ll the bottle and then cap
the bottle, you are OK, but it would be disastrous if you set up the machinery
to cap bottles then tried to �ll them.

1.1.4 Identity Law, neutral elements

Let ~ be a closed binary operator on a set S of things fx; y; :::g. If there is
some element e (not to be confused with the famous mathematical constant
e = 2:71828:::; nor the famous physical constant e = mc2 ) in S such that, for
all x in S, x ~ e = x, then the operator, ~ satis�es the identity law and the
element e is called the identity (or neutral) element for ~ in S.
Examples: In ordinary arithmetic if the operator ~ is addition, +; then the

identity element e is 0 because x+ 0 = x. If, on the other hand, the operator
~ is multiplication, �; then the identity element is 1 because x� 1 = x: In the
set O of odd numbers, the number 1 is the identity element for multiplication
because 1 is odd and if x is any odd then x � 1 = x: And, 1 � x = x, since
multiplication is commutative in the integers.

1.1.5 Inverse Law

If S is a system that has a closed operator ~; and e is the neutral element for
~; and if for each element x in S; there is an element y in S such that x~y = e;
then y is called the inverse of x for the operator ~: In ordinary arithmetic, if
the operator ~ is + where the identity element is 0, and if x is any element in,
S, then the inverse of x is denoted by �x thus, x+ (�x) = 0: Likewise, if the
operator ~ is multiplication, �; where the identity e is 1; and if x is in S and
x 6= 0; then the inverse of x is denoted by x�1 or by 1=x: That is, x� x�1 = 1;
or x� (1=x) = 1: Notice, here, that since we have required that x 6= 0; we are
saying that 0 has no multiplicative inverse. This brings up the question: can

2



the two neutral elements (the one for addition and the one for multiplication)
be the same? Is it possible that 1 = 0? The answer is no unless + and �
are both the very same operator. Unfortunately, the reader must keep track
of which operator, + or � is being discussed as to whether the identity is 0 or
1 and which inverse is being discussed as to whether it is �x or x�1: In this
regard, special care needs to be taken when reading about the identities and
inverses for a general operator such as ~; in which the neutral elements may be
neither 0 nor 1. This is related to the admonition to "de�ne your terms" and
keep track of your de�nitions mentioned above.

2 Addition

2.1 What is addition?

Before the invention (or discovery?) of group theory, we had a pretty good idea
of what addition meant. Consider two line segments of lengths a and b joined
at one end point and placed along the number line, we get a line segment of
a+ b. Or, if we have a jar of marbles and drop another marble into the jar we
have added it. But today, we can think of adding an element a and an element
b of that set by combining them somehow and precisely describing the rule by
which they are combined. In other words, it takes some de�ning statement of
the relationship we assign to the resulting outcome that we are willing to call
a+ b:

2.2 Adding Geometric Figures

In geometry, if we concoct a de�nition for adding two squares we want the sum
to be another square and not a triangle or a circle, or some other geometric
�gure. As we have previously said, this restriction is called the closure law
for addition, meaning that the system is "closed" in the sense that adding two
elements of a given collection will not produce a new object outside of that
collection.

Example: Adding Squares.
Let A and B be two squares whose areas are x2 and y2; respectively. We

de�ne addition of these two squares to be a square whose area is x2 + y2.
As you can see in Figure 3:1 such a new square can be created by making

the sides x and y be the perpendicular sides of a right triangle, then the result
(by the Pythagorean Theorem) is the square on the hypotenuse, whose area is
x2 + y2:
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Figure 3.1 Adding squares by adding their areas

Using this de�nition, we can say that the addition is closed, associative, and
commutative

3 Multiplication

3.1 What is multiplication?

If a system has an operator called addition as described above, we can also
de�ne other binary relations on the same system. Usually the second binary
operator is called multiplication, but it could just as well be called something
else. In order to really have two di¤erent binary relations we insist that the
neutral elements (the identity elements) in the two systems must not be the
same. For example, if 0 is the neutral element for addition and 1 is the neutral
element for multiplication, we must require that 1 6= 0: Otherwise, we would
have to conclude that 1 times any number is the same as 0: So all numbers
would have to be zero. This actually could be a mathematical system alright,
but it would would be very limited in its ability to solve many problems.
In some cases, one operator may have some property and the other not have

that property. For example, addition may have an inverse, but multiplication
does not, or addition may be commutative, but multiplication is not, etc. In
fact, many useful systems exist in which we require addition to satisfy all of the
properties, associative, commutative, identity and inverse, whereas multiplica-
tion need only satisfy one or two of the other laws.
When we do have two di¤erent operators + and �, each satisfying all �ve

properties of binary operators then we have almost all the tools we need to
solve any algebra problem. If, on the other hand, we deny some of these
properties one at a time, we can still develop simpler mathematical systems
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to solve important problems in physics from Newtonian physics to quantum
mechanics, to say nothing at all of the other problems in biology, chemistry,
astronomy, economics, business, and everyday life.

4 Mathematical systems

4.1 Modular Arithmetic

An important set of numbers to study are the whole numbers f:::;�3;�2;�1; 0; 1; 2; 3; :::g;
there are in�nitely many of them going o¤ to the left with the negatives forever
and going o¤ to the right with positives forever.

4.1.1 The arithmetic of mod 12

Can you think of a rule for adding whole numbers that gives you the following
results,

7 + 9 = 4, and 11 + 6 = 5; and 12 + 12 = 12

Hint, two words: Clock Arithmetic. In a 24 hour clock, if it is 7 AM now,
then 9 hours later it will be 16 (or 1600 hours), which translates to 4 PM in
a twelve-hour clock, then 7 + 9 = 4: Also, 11 + 6 = 17 which translates to
11+6 = 5 PM. The point of this little exercise is to show that even in a simple
thing like addition, you need to the know the setting in which this operation on
numbers is executed.
Rotating around a 12 hour clock like this is calledmodular arithmetic with 12

being the modulus, the place where the counting re-starts. When 17 is changed
to 5 it is because we re-started counting at 12, we say that 17 is congruent to
5mod 12;

17 �= 5mod 12

The symbol �= is read "congruent to." It means that the di¤erence between
17 and 5 is 12 or a multiple of 12. Maybe the number 29 immediately came to
your mind, after all, the di¤erence between 29 and 5 is 24 also a multiple of 12.
And you are right! Since 29� 5 is 24, a multiple of 12, then

29 �= 5mod 12

You are also correct if you noticed that since 24 is a multiple of 6, then 29 u
5mod 6:
In general, we can derive all of the computations in modular arithmetic for

any modulus from its formal de�nition:
De�nition: (Congruence modn)
Given an integer a;and a positive integer n;we say that an integer bis con-

gruent to amodn (denoted b �= amodn) if and only if b� a = n or a multiple
of n:

For example, if a = 0, and n = 12, then the integer 60 is congruent to
0mod 12; written as: 60 �= 0mod 12, since 60� 0 is a multiple of 12.
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This seems simple enough. But why, for any unknown integer x, is the
following congruence true?

109x �= xmod12

Answer: Because 109x�x = 108x which is 9 times 12x; and no matter what
integer x is, 108x is a multiple of 12:
We can use clock arithmetic as a powerful tool for determining whether or

not equations have whole number solutions, without even solving the equation.
Example: Use clock arithmetic to show that there is no whole number, x;

that satis�es the equation:

109x+ 60 = 13x� 31

Answer: Observe that 31 u 7mod 12; because 31�7 = 24: Now, use mod12
on both sides of the equation to reduce it as follows:

(109x+ 60)mod 12 �= (13x� 31)mod 12
x+ 0 �= (x� 7)mod(12)

x� (x� 7) = a multiple of 12

7 = a multiple of 12

Clearly, the number 7 cannot be a multiple of 12. So the equation has no
whole number solution.

4.1.2 The arithmetic of mod 5

0

1

23

4

Figure 3.2 clock for mod5 Arithmetic
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Of course, 12 is not the only number that can be used as a modulus. We
can make a clock that has 5 numbers instead of 12. See Figure 3:2. For any
integer x; we can write x �= ymod5; where y is one of the integers, 0; 1; 2; 3; or
4 or y is a multiple of 5 plus one of these numbers.
The de�nition of modn; when applied to n = 5 is that x �= ymod5; means

that x� y is either 5 or a multiple of 5. How many numbers are congruent to
0mod 5? In�nitely many:

:::� 10 u �5 �= 0 �= 5 �= 10 �= 15 �= :::0mod 5

How many are congruent to 1mod 5? In�nitely many

:::� 9 u �4 �= 1 �= 6 �= 11 �= 16 �= :::1mod 5:

There are also in�nitely many integers congruent to 2, 3, and 4, in mod5.
It may be easy to see that how the negative numbers �5, and�10, etc. are
congruent to 0mod 5, but not so easy to see how �4 or �9 is congruent to 1
mod5. The negative numbers are a bit tricky. But just remember �4 � 1
is a multiple of 5 and so is �9 � 1; because subtraction is just addition of the
negative

�4� 1 = �4 + (�1) = �5

The following �ve lists show how we can separate all integers into the �ve
classes of congruent integers in mod5:

0mod 5 = f�10; � 5; 0; 5; 10; 15; 20; ...g
1mod 5 = f � 9; � 4; 1; 6; 11; 16; 21; ...g
2mod 5 = f � 8; � 3; 2; 7; 12; 17; 22; ...g
3mod 5 = f � 7; � 2; 3; 8; 13; 18; 23; ...g
4mod 5 = f � 6; � 1; 4; 9; 14; 19; 24; ...g

Each one of these �ve classes is called an equivalence class in mod5: Thus,
for example, �7 � 2 and 3 and 8; ... are all in the equivalence class congruent
to 3mod 5:
If you think that it is strange to see that �6 is congruent to 4, mod5, just

compute �6� 4 = �10:

4.1.3 The arithmetic of mod 2

Now, let us break up all of the integers into two equivalence classes. We do
this by considering all of the integers mod2:

Example:
Using mod2 we see that every integer is either congruent to 1mod 2; or

congruent to 0mod 2: This simply says that every integer is either odd or even.
There are two equivalence classes.
All the odd integers are congruent to 1mod 2
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:::� 3 �= �1 �= 1 �= 3 �= 5 �= 7:::mod2
All even integers are congruent to 0mod 2

:::� 4 �= �2 �= 0 �= 2 �= 4 �= 6 ...mod2

We can use mod2 to solve problems such as the following:
Problem 1. Show, without actually solving the equation, that there is no

integer x for which the following equation is true.

18x+ 40 = 17

Solution: Look (18x+ 40)mod 2 = 0, but 17mod 2 = 1, so this equation
says 0 = 1: Impossible!
Problem 2. Let x be an integer satisfying the following equation, show

whether x is even or odd.

x+ 4y � 19 = 17� 8z + 9

Problem 3. Use mod5 to show that there are no integers x and y that
satis�es the following equation: 5x+ 13 = 141 + 25y:
Solutions to problems 2 and 3 left to the reader.
Problem 4. Show that if a �= bmodn and r is any multiple of n, then

a+ r �= bmodn:
Solution: Let r = mn, then by de�nition if a �= bmodn,

a� b = kn, for some non-negative integer k and

a+ r � b = kn+mn = (k +m)n

a+ r u bmodn de�nition of congruence

An old problem
Historically, modular arithmetic has been around since the time of Euclid.

A more recent instance, however, just 1600 years ago, was the following problem
posed in a Chinese book in 400 CE.

Problem 5. We have a number of things, but we do not know,
exactly, how many. If we count them by threes we have two left over.
If we count by �ves, we have three left over. If we count by sevens
there are two left over. How many things are there?

The problem is to �nd the �rst number x such that x �= 2mod 3 and x �=
3mod 5 and x �= 2mod 7:

Hint List a few positive numbers in each of the equivalence classes. 2mod 3;
3mod 5; and 2mod 7

2mod 3 = f2; 5; 8; 11; 14; 17; 20; 23; 26; 29; :::g
3mod 5 = f3; 8; 13; 18; 23; 28; 33; :::g
2mod 7 = f2; 9; 16; 23; 30; 37; :::g
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Find the �rst positive integer that is in all three classes. Once you know any
value of x for which this is true, why is it that x+105 would be another answer?
There are in�nitely many other answers, each one exactly 105 greater than the
last one.

4.1.4 Congruence mod n is an Equivalence Relation

If n is any positive integer, it turns out that congruence modn is just like an
equal sign, that is, it is a relation that has all the properties necessary to solve
equations.
For any integers, a; b; c;

a �= amodn
If a �= bmodn, then b �= amodn

If a �= bmodn and b �= cmodn, then a �= cmodn

These laws will help us develop the idea of addition and multiplication in
modular arithmetic.
The numbers less than n and relatively prime to n are important to consider

when we take a closer look at the two operators in modular arithmetic, addition
and, especially, multiplication. They can be used to create �nite mathematical
systems, speci�cally, �nite groups. Some �nite groups can be associated with
the concept of symmetry and used as models in studying molecular structures
in chemistry.

5 Finite mathematical systems

If n is a positive integer, let Sn be a set containing exactly n elements, then
Sn is �nite set. We can list the elements in a �nite set as fx1; x2; :::; xng :
The subscripts on a single letter of the alphabet are being used, instead of just
the ordinary letters of the alphabet fa; b; c; :::g ; this way we will not run out
of labels before we run out of numbers. The manner in which elements are
labeled is arbitrary and often a matter of convenience. For example, if we
wanted to make a list of the �rst 100 multiples of 7 starting with 0; we would
write f0; 7; 14; :::7n; :::; 693g: The "general term", 7n, is there to tell the reader
what type of numbers (multiples of seven) are being listed, the 0 tells the reader
that the �rst multiple of 7 in the list is 7 � 0; and 693 = 7 � 99 is the the
100th multiple of 7. The three dots ... (called an ellipsis) are there to tell the
reader to �ll in with all of the other missing multiples of 7 between 14 and 693.
Depending upon how we wanted to use these data, we could have listed the �rst
100 multiples of 7 as: f7; 14; 21; :::7n; :::700g ; starting with 7 � 1 and ending
with 7� 100: It is usually clear what kind of labelling we use by looking at the
displayed numbers in the set brackets.
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5.0.5 Finite Addition

Let Sn be the following �nite set of integers.

Sn = f0; 1; 2; 3; :::n� 1g

We will apply modular arithmetic addition by computing the sum of any
two of these elements modn: If we take any two numbers x and y in Sn; and
we compute x + y = zmodn; we will always re-write the sum z as one of the
elements f0; 1; :::n� 1g of Sn: For example, in mod4 if we want 3 + 3; we will
write 3 + 3 = 2, because 6 �= 2mod 4:
Let us not start with n = 1, because S1 = f0g and the addition table

0+0 = 0 is not very interesting. So, beginning with S2; which is the set f0; 1g ;
we have the following addition table in mod2:

+ 0 1
0 0 1
1 1 0

Table 3.7

OK, in Table 3.7, 0 + 0 = 0; 0 + 1 = 1; 1 + 0 = 1, but didn�t you expect to
see a 2 for 1 + 1? Why does it show 0? Because 2 �= 0mod 2:
For S3 = f0; 1; 2g and S4 = f0; 1; 2; 3g the mod3 and mod4 addition tables

are:

+ 0 1 2
0 0 1 2
1 1 2 0
2 2 0 1

+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

Table 3.8.mod3 and mod4

Notice that the values 0 appear where you might expect a 3 in the mod3
table and where you might expect 4 in the mod4 table. In the mod4 table why
is 3 + 2 = 1?
Two �nite systems we want to study are: S5 and S6:
Since S5 = f0; 1; 2; 3; 4g ; here is the table for �nite addition in mod5:

+ 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

Table 3.9 mod5
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Here, the sum of 2 and 3 is written as 0 and not 5 because 5 �= 0mod 5: In
fact, every 0 you see in this table, where you might think a 5 belongs, there is
a 0 because 5 �= 0mod 5:
Next, we construct the �nite addition table for mod6 applied to the set

S6 = f0; 1; 2; 3; 4; 5g:

+ 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 2 3 4 5 0
2 2 3 4 5 0 1
3 3 4 5 0 1 2
4 4 5 0 1 2 3
5 5 0 1 2 3 4

Table 3.10 mod6

The following rules hold for these two tables as well as for any addition table
modn for any set Sn:

1. For any x and y in Sn the sum x+ y is in Sn.

2. For any x; y; and z in Sn; x+ (y + z) = (x+ y) + z.

3. For any x; y in Sn; x+ y = y + x.

4. The number 0 in Sn is such that for any x in Sn; x+ 0 = x.

5. If x is any number in Sn, there is an inverse, y in Sn; such that x+ y = 0.

You may recognize these �ve rules as the closure law, associative law, com-
mutative law, identity law, and the inverse law.
In ordinary addition the inverse of an element x is its negative �x: That

is, for any x we want to �nd a number y such that x+ y = 0. To see that this
last rule holds, just notice that each row and each column has a 0 in it. If you
pick a place with a 0 you will see that the number at the top of its column plus
the number at left most side of its row add up to 0, or n, which is congruent to
0modn: This means that every number has an (additive) inverse.
In the mod5; table, we see that 4 is the inverse of 1 because 4+1 �= 0mod 5:

It may seem strange to say that 4 is the additive inverse of 1; 4 �= �1mod 5;
but it is because 4 � (�1) = 5 u 0mod 5. Also, 3 �= �2mod 5: In the mod6
table, we see that 3 is the inverse of 3 because 3 + 3 �= 0mod 6:

5.0.6 Finite Multiplication

We can also de�ne small mathematical systems using modular arithmetic mul-
tiplication, as follows. Let n be any positive integer and let x and y be any two
integers in the set Mn = f0; 1; 2; 3; :::n� 1g. We want to construct a multipli-
cation table showing the products x� y = zmodn; always writing the number
z as a number in the set Mn:
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Let n = 6, so M6 = f0; 1; 2; 3; 4; 5g and construct the mod6 multiplication
table.

� 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 2 3 4 5
2 0 2 4 0 2 4
3 0 3 0 3 0 3
4 0 4 2 0 4 2
5 0 5 4 3 2 1

Table 3.11 Multiplication,mod6

Both the columns and the rows that are headed by 0 are super�uous in a
multiplication table because every entry is 0. We can leave 0 out as one of
the elements for a multiplication table. This table does have a multiplicative
neutral element, and it is 1; so for any x in M6; x� 1 = x:
But there is something seriously wrong with Table 3:11, if we want it to be a

system in which every number, x has a unique multiplicative inverse, y such that
x� y = 1. We can see this problem by noticing that it is not true that every
row and column has a 1 in it. Thus, for example, there is no number y such that
2� y = 1: In fact, none of the numbers 2; 3, or 4 have a multiplicative inverse.
The fault is that the three positive numbers, 2; 3 and 4 are not relatively prime
to 6. They each have a common factor with 6, other than 1. None of their
products could be congruent to 1mod 6. Let us omit 2; 3; 4; along with 0 and
restrict the mod6 multiplication table to just the positive numbers in M6 that
are relatively prime to 6, namely 1 and 5.
Thus, we will write x � y �= zmod6; for z = f1; 5g only. In this table,

5� 5 = 1; and not 25; because 25 �= 1mod 6; thus, 5 itself, is the multiplicative
inverse of 5. In Table 3.12, below, we show the restricted multiplication table
for mod 6 by leaving out the numbers f0; 2; 3; 4g that were in Table 3.11.

� 1 5
1 1 5
5 5 1

Table 3.12

Unlike the situation where n is composite, such as 6 in the previous example,
when n is prime the situation is completely di¤erent. If n is prime, we can use
all of the positive numbers f1; 2; 3; :::n� 1g to construct the multiplication table
because they are all relatively prime to n. Compare Table 3.11 above with the
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following mod5 multiplication displayed in Table 3.13. table.

� 1 2 3 4
1 1 2 3 4
2 2 4 1 3
3 3 1 4 2
4 4 3 2 1

Table 3.13

These delightful �nite arithmetic tables are not only interesting from a math-
ematical point of view, but they also have important applications in the sciences.
They tell us that we need to know about the relationships between various types
of entities such as molecules, galaxies, natural resources, computer networks,
and subatomic particles.
When we gather together elements of a set and try to determine how they

can be combined, we often �nd that these combinations may or may not obey
some relationship. Take a binary relation ~, it may be associative, that is,
x~ (y ~ z) = (x~ y)~ z; or it may not be associative. Or ~ may or may not
have a neutral element in the set, or ~ may or may not have an inverse, or ~
may be commutative: x~y = y~x; or may not be commutative: x~y 6= y~x.
These properties a¤ect the behavior of the system. If you were managing

such a system you would want to know the properties of the binary operator so
as to make intelligent decisions about what kind of combinations you want to
employ.

Example:
Let S be the set of instructions, actually commands, for making an apple

pie:
a = preheat the oven to 400�

b = cut up apples
c = make crust,
d = put apples in crust
Suppose the operator ~ is simply the word "next". This operator is closed

because any two commands is a command.
It is a non-commutative operator, for example b~ d 6= d~ b: The resulting

instruction b~d is OK, but the instruction d~ b would do some serious damage
to the pie crust.
What are some mathematical systems that we can get by specifying binary

relationships?

6 Abstract algebras

In the various mathematical systems, the elements and the operators follow
given rules; exactly which rules are obeyed will de�ne what type of mathe-
matical system we are working with such as: semigroups,monoids, groups,
Abelian Groups, and Rings, and, as we will de�ne later, Fields. Just like
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prime numbers, these entities exist not only for their truth and abstract beauty
from which mathematicians derive a great deal of satisfaction, but also because
they can be applied to the real world for many things: "shoes and ships�and
sealing wax�and cabbages and kings.1"
In each case we are, at the very least, requiring that any binary relation ~

being discussed is closed.

6.1 Semigroup

De�nition: (Semigroup)
Any set that has an operation, such as addition, +; that is closed and asso-

ciative, x+ (y+ z) = (x+ y) + z; for all elements, x; y; z; of that set is called a
semigroup.
This de�nition also applies to any other operator, ~.

x~ (y ~ z) = (x~ y)~ z

Thus, if a set has a multiplicative operator � and x � (y � z) = (x � y) � z;
then the set and its operator de�nes a semigroup.

Example Table 3:11, the �rst multiplication table for mod6; is an example
of a semigroup. The multiplication operation on M6 is closed (the result of
multiplying any two numbers in the table is one of the numbers in the table)
and the multiplication is associative, which can be veri�ed by using this table to
test all products x�(y�z) and (x�y)�z: For instance, 5�(2�4) = 5�2 = 4
and (5� 2)� 4 = 4� 4 = 4. Therefore,

5� (2� 4) = (5� 2)� 4

You can check out that this is true for any other set of three, not necessarily
distinct, numbers. For example prove that:

3� (3� 4) = (3� 3)� 4

The importance of knowing whether or not you have a semigroup is that if the
binary relation that is not associative, then every operation between elements
would be con�ned to no more than two elements at a time. You could never
�nd out what would be true about combining any three elements.

6.2 Monoid

De�nition: (Monoid)
A semi-group with a neutral element is called a monoid.
Example 1. Table 3:11 for mod6 is a monoid because it is a semigroup and

has a neutral element 1 for multiplication.
Example 2. In our geometric example of the addition of squares earlier

in this chapter, (See Figure 3:1) we have a monoid if we can imagine a square,

1Charles Dodgson aka Lewis Carroll.
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e, whose sides are zero in length, then we can use that square (with area = 0)
as the neutral element, so that if A is any square then A + e = A: Thus, our
addition of squares also makes the set of squares a monoid. The neutral element
is sometimes called the identity element.

Note: When we start with some system, like a semigroup for example, and
we add a new independent axiom, such as requiring the existence of a neutral
element, then new system still satis�es the rules of the original system. Thus,
every monoid is still a semigroup, but not every semigroup is a monoid. This
means that in the monoid we can still prove the theorems that were true in
the semigroup. This hierarchical scheme is not unlike the concept of backward
compatibility in technology when new updates are introduced. We can still do
the old things with the new version, but we can not do the new things with the
old version.

6.3 Group

De�nition: (Group)
A group is a monoid with an inverse.
Let e be the neutral element and ~ be the operator in the monoid, and let

x be any element, then the monoid is a group if and only if there is an element
y such that x~ y = e:
We summarize this by saying that the binary relation ~ for a group satis�es

four axioms:
(a) ~ is closed.
(b) ~ is associative.
(c) An element e exists such that for all x; e~ x = x:
(d) Every element has an inverse; for each x; there is a y such that x~y = e:
Examples of Monoids that are not groups:
1. Table 3:11 for mod6 is not a group because there is at least one number,

for example the number 2, which does not have a multiplicative inverse.
2 The addition of squares de�ned in Figure 3:1 is a monoid, but not a group

because a non-zero square with area x2; has no additive inverse square with area
�x2: That is, we cannot �nd a square whose area is �x2 to add to a square
whose area is x2 in order to get x2 + (�x2) = 0: But wait! It is intriguing to
ask what would happen if we were to use the imaginary unit i =

p
�1 to be the

side of a square. Hmm? Naaa!
Example of a group: If we let Z be the set of all integers, positive and

negative and 0, and let the binary relation be + the usual addition operator,
then Z and +; de�ne a group.
This is true because + is closed, associative, has an neutral element, 0 and

for each integer n in Z, the integer �n, the (additive) inverse of n is in Z since
n+�n = 0:

Notation: If S is a set and ~ is a binary operator that satis�es the group
requirements on the elements in S, then we use the notation: (S;~) is a group.
So, in this example we say (Z;+) is a group.
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6.3.1 Abelian Group

If (A;~) is a group and ~ satis�es the commutative law:

x~ y = y ~ x (1)

then (A;~) is an Abelian Group, named for Abel; an operator which is not
commutative can only be used to de�ne non-Abelian groups.
Example: Matrix addition is an operator that de�nes an Abelian group.

Thus, if for some positive integer n, An is the set of all n by n matrices, and +
is the addition of matrices as de�ned before, then (An;+) is an Abelian group.
Also if A, B and C are n by n matrices, then A + (B + C) = (A + B) + C.
There is a neutral n by n matrix O such that for all A; A + O = A and if A
is any n by n matrix, there is an n by n matrix �A such that A + �A = O:
Furthermore, matrix addition is commutative because A+B = B +A:
On the other hand, however, matrices do not de�ne an Abelian group under

the multiplication operator, �; because matrix multiplication is not commuta-
tive.

Example: �
1 3
1 2

�
�
�
5 1
6 6

�
=

�
23 19
17 13

�
, but�

5 1
6 6

�
�
�
1 3
1 2

�
=

�
6 17
12 30

�
A mathematical system may have two operators, addition and multiplica-

tion. If these have inverses then you might say they have four operators,
addition, subtraction, multiplication and division. But we don�t really count
subtraction and division as separate operators because they are just the inverses
of addition and multiplication.
In some cases, a system could be a group under addition but only a semigroup

under multiplication, or it could be a monoid for one operator and a group under
the other, or it could be an Abelian group for addition, but a non-Abelian group
for multiplication, which is actually the case for matrix algebra. We de�ne a
mathematical system according to the axioms it satis�es.
An important such system is called a Ring. It has two binary operators +

and � and is a group with respect to one of them and semigroup with respect to
the other and satis�es a new axiom, called the distributive law, which combines
the two operators as follows. For any triplet (x; y; z)

x� (y + z) = x� y + x� z (2)

6.4 Ring

De�nition: (Ring) A ring, R, is a system of elements in which there are
two binary operations, addition (+) and multiplication (�), such that R is an
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Abelian group with respect to addition and a semigroup with respect to multipli-
cation, and such that the distributive law. Equation (3.4) holds for all triplets
in R
When molecular physicists needed to solve certain problems regarding sym-

metry in subatomic particles, they found that group theory and ring theory were
the systems most suitable for explaining the conservation of various quantities.
In the 1920�s, the German mathematician Emmy Noether, was an "uno¢ -

cial" associate professor (meaning that she was neither paid nor assigned classes
to teach) in the mathematics department in the University of Gottingen, Ger-
many. Any class she taught was listed under the name of David Hilbert, but
the students knew it was really one of Emmy�s classes. She gave lectures and
seminars on her research, Ring Theory, which was one of her inventions. In
1933, because of the rise of Hitler and his attempt to eradicate the Jews, she
�ed Germany and came to the America. She ended up as a professor (o¢ cial,
this time) at Bryn Mawr University. She is considered to be one of the great-
est mathematicians in history. Among the major results she formulated and
proved, was the following powerful theorem.

Theorem: Every di¤erentiable (smooth) symmetry in a physical system
has corresponding conservation laws.

The physical system is known as the Noetherian Ring. A non-physicist,
would not be expected to understand the above theorem, but it is never-the-less
impressive and is recognizable by many of us, as revealing a signi�cant truth in
a few words. It is often in the nature of mathematics to express deep ideas in
such an economical fashion.
The ability to work with semi-groups, monoids, groups, rings and other

algebraic structures is at once beautiful and powerful. The beauty lies in
the great variety of di¤erent elements that are playing the same game�that is,
obeying the same set of rules. The power lies in the fact that any problem
solved in a given system is simultaneously solved in every interpretation of that
system. Thus, regardless of what kind of things are being studied, all the
theorems for that system are true about those things. So that any time a new
scienti�c, technological, or business problem is encountered, one only needs to
start working in the appropriate mathematical system that may have already
addressed or even solved that problem.

7 Groups of permutations

Let M be an alphabet consisting of the four letters, fA;C;G; Tg. Now, let us
pick all of the possible three-letter words we can make from this alphabet. How
many words are there and what are some of them? The answer is there are 64
words and some of them are

ACT; AAT; CAT; CCT; GGG; AGT; TGT; :::
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Why are there 64 words? Any three letter word must start with one of the
four letters in the alphabet, then it must be followed by one of these same four
letters, possibly repeating the �rst letter, then it must end in any one of the
same four letter, this gives you 4� 4� 4 = 64 di¤erent words.
A biologist would call these "words" codons, and the letters A;G;C; T; of

the alphabet are the nucleotides (chemical compounds). A = Adenine, C =
Cytosine, G = Guanine, and T = Thymine. The codons are put together into
the strands of DNA found in the bodies of anyone reading this book. These
are facts that can be related to the readers by a mathematician whose wife is a
biologist.
By-the-way, if we did not allow repetition of letters, then there would only

be 24 words possible. In such as case, we could have 4 ways to pick the �rst
letter, then there would only be three letters left in the alphabet to use for the
second letter, and after that, there are only two letters to pick for the end of
the word, that is 4� 3� 2 = 24:
If we had an alphabet of only 3 letters fA;B;Cg, and did not allow repeats,

then there would only be 6 three-letter words.

ABC;ACB;BAC;BCA;CAB;CBA

These 6 words, are called permutations of the alphabet. They are all of the
ways we can arrange and rearrange the letters in the alphabet. Note that with
permutations we do not allow repetitions. It gets even simpler if we had only
two letters, fA;Bg ; we could make only two 2 letter words, AB and BA: We
want to show how the collection of all permutations can be used as elements of
a set, and how to de�ne a binary operator, �, called a composition to de�ne a
group of permutations.

7.1 Permutation group of order 2:

Let S2 be the set f1; 2g: There are two ways we can permute (arrange) these
two elements (12) and (21). Let us de�ne a set A2 = f(12); (21)gas being the
collection of all permutations of S2. Furthermore, we want to use the notation
x0 and x1 to stand for these two permutations, de�ned as follows:

x0(12) = (12); leaving (12)

x0(21) = (21); leaving (21)

and

x1(12) = (21); reversing (12)

x1(21) = (12); reversing (21)

Then our set A2 is fx0; x1g
When we say x0 or x1 is "applied" to some arrangement of 1 and 2, we mean

that it is a permutation that works on that current arrangement by obeying what
it is de�ned to do. That is x0 leaving them alone and x1 reversing them. If we

18



concatenate two permutations, that is, apply one after the other, we say we are
making a composition of the two permutations. Thus, x1(x0(21)) = x1(21) =
(12) means �rst use x0 on (21), leaving it as (21), then apply x1 on this resulting
(21), changing it to (12). The notation we use for concatenating two or more
permutations is �: So now,

x1(x0(21)) = x1 � x0(21)

You may call the circle � "times".
Example: x1 � x1(12) means �rst apply x1 to (12) getting a new arrange-

ment (21), then apply x1 to that arrangement.

x1 � x1(12) = x1(21)

= (12)

Example:
Find the composite permutation x1 � x0 � x1 applied to (21). Here it is:

x1 � x0 � x1(21) = x1 � x0(12)
= x1(12)

= (21)

Table 3:14 below, is a multiplication table, where "multiplication" means
compositions � of permutations.

� x0 x1
x0 (12) (21)
x1 (21) (12)

Table 3.14

In this system, we see that there is a neutral element, namely, x0 = (12)
because x0 � x = x for all x: Also in this system every element (that is every
permutation) x in A2 has an inverse. In fact, in this case, each element is
its own inverse. Putting this table into the x0; x1 format, we have Table 3:15
below.

� x0 x1
x0 x0 x1
x1 x1 x0

Table 3.15

This group, A2, is the same as a group we could make by using addition of
the numbers f0; 1g in mod2 arithmetic.

+ 0 1
0 0 1
1 1 0

Table 3.16
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The entry for 1 + 1 is 0 because 1 + 1 = 2 �= 0mod 2; but both 1 + 0 and
0 + 1 are 1mod 2, and again each element is its own inverse.
Because these two groups: (A2); Table 3:15 and (mod 2); Table 3:16 can be

matched one-to-one with their elements and their neutral elements and their
inverses, they are called isomorphic groups. Likewise, the group S2 is isomor-
phic to the group de�ned on the set f�1;+1g where the operator is �, ordinary
multiplication.

� �1 +1
�1 +1 �1
+1 �1 +1

Table 3.17

In physics, if a particle has two states, and these �t the properties of a group
of order 2, then the particles behave as the elements of the groups isomorphic
to those depicted in Tables 3:15; 3:16 or 3:17. Any theorems that could be
proved using these groups, would also be true in the physics setting. Not only
physics, but in any model, M that is isomorphic to some particular group, G
then the solutions in G can be used to solve problems in the model,M. As Al
Khwarizmi might say, "... and that, your Eminence, is the nature of Al-jabr."

7.2 Permutation group of order 6

Now let us move on to a more complicated example. The set S3 = f1; 2; 3g has
6 permutations. De�ne the collection of all of the permutations on S3 as

A6 = fx0; x1; x2; x3; x4; x5; x6g

where each permutations is de�ned to rearrange the (123) as follows.

x0 = (123); x1 = (132); x2 = (213)

x3 = (231); x4 = (312); x5 = (321)

Note: In this list we are using a shorthand way to say what each of these
do to the arrangement (123). For instance,

x4(123) = (312)

moving the last number, 3; to the front and shoving the �rst and second numbers
back into the second and third spots, but,

x4(321) = (132)

because when x4 does what it is supposed to do, it moves the last number to
the front shoves the other two back.

Example:
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The x1 permutation keeps the �rst number in place but it switches the second
and third ones around. Now working with x1 applied to the permutation (213)
saying these italicized words to yourself, �nd the permutation x1(213): It is

x1(213) = (231)

Is (231) one of the x�s? Yes it is x3: This proves that the composition
permutation, x1 � x2; is x3:

Problem: Find x5 � x2(123)
Solution:

x5 � x2(123) = x5(213)

= (312)

= x4

Problem: Describe in words what x2 does to (123), and apply x2 to x5.
Solution: In words, x2, that is, (213), "keeps the last one in place and

switches the �rst two."
Now, x2 � x5 = x2(321) = (231); which is x3:
This is a good time to note that x5 � x2 6= x2 � x5:
Table 3:18 is the table of all of the permutations of A6 and their com-

positions. It is a times-table for A6: Where "times", in this case, means
composition, and we have highlighted the identity permutations x0:

� x0 x1 x2 x3 x4 x5
x0 x0 x1 x2 x3 x4 x5
x1 x1 x0 x3 x2 x5 x4
x2 x2 x4 x0 x5 x1 x3
x3 x3 x5 x1 x4 x0 x2
x4 x4 x2 x5 x0 x3 x1
x5 x5 x3 x4 x1 x2 x0

Table 3.18 The group A6

We can use this table to solve various equations in this system. For example,
let us de�ne x2 to be x � x
Problems:
1. Solve the quadratic equation x2 = x0:
Solution: There are four solutions because we can �nd four numbers, x in

the table, such that x � x = x0: Namely: x0; x1; x2; and x5: "Wait a minute!",
you might ask, "How is x5 � x5 = x0?" First notice what x5 is de�ned to do to
(123): When we say x5 = (321) we mean it has kept the 2 in the second place
and reversed the �rst and third place numbers. So what will x5 do to (321)?
It will keep the middle one, 2, in place and reverse the �rst and third (here, the
3 and 1). That is x5 � x5 = (123):
2. Show that the quadratic equation x2 = x1 has no solution.
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Solution: If we look at all the products xn � xn; (the diagonal from the
upper left to the lower right) we see that none of them is x1:
3. Show that the group A6 is not commutative.
4. Show that the three elements fx0; x3; x4g, by themselves, also form a

group by making up a times-table using this composition operator, �:
5. Show that x30 = x0:
Solution: We must, �rst �gure out what we mean by x3: It is x � (x � x):
So, x0 � (x0 � x0) = x0 � x0 = x0:
Therefore x = x0 is a solution to the cubic equation x3 = x0: There are two

other less obvious solutions, x = x4, and x = x3:
Let us use Table 3:18 to check that x4 is indeed a solution.

x4 � x4 � x4 = x4 � (x4 � x4)
= x4 � x3
= x0

Similarly we can show that x = x3 is a solution.

7.3 Symmetric groups

Permutations of the elements f1; 2; 3; :::; ng in the set Sn have an interesting
geometric property. If we think of the numbers 1; 2; 3; ::; n as vertices of a
regular polygon (a geometric �gure, such as triangle, a square, or a pentagon,
etc.), then a permutation of these numbers can be an interchange of two vertices,
obtained by rotating the polygon around a �xed point at the center, or by
�ipping it along a line of symmetry, so that one vertex replaces another. In the
case where nothing is done to the polygon then each vertex is replaced by itself,
meaning that this is the identity operation. As an example, let us consider an
equilateral triangle whose vertices are labeled as 1; 2; 3 in the following �gure:
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<

Figure 3.3 The Triangle 123

There are 6 ways we can interchange vertices because this triangle is symmet-
ric about the point P and it can be rotated either 0� (the identity operation), or
240� or 120� about P , and this same triangle is symmetric along the dashed lines
through the vertices 1, 3 and 2, so we can �ip the triangle along these lines,
keeping one vertex �xed and and replacing the other two vertices with each
other. The following list shows how these moves correspond to the permutation
group of order 6 that we constructed previously in Table 3:18.

1. No change. This means leave every vertex in its original place. This is
called the identity symmetry x0 : (123)! (123)

2. Since the triangle is symmetric about the dashed line through the top
vertex 1, we can leave 1 in place ("�x 1") and switch 2 and 3. Call this
x1 : (123)! (132)

3. Fix 3 (keep 3 in its place) and switch 1 and 2 about the dashed line through
3: Call this x2 : (123)! (213)

4. Rotate the whole triangle 120� clockwise about P . This carries 1 to
position 3, 2 to 1 and 3 to 2. Call this x3 : (123)! (231)

5. Rotate the whole triangle 240� clockwise about the point P: This carries
1 to position 2; 2 to 3, and 3 to 1; call this x4 : (123)! (312)

6. Fix 2 and switch 1 and 3 about the dashed line through 2, call this
x5 : (123)! (321)
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This example should make it clear why groups of permutations are called
symmetric groups. Scientists have found uses for such groups in the structures
of atoms and molecules�applications to atomic physics and molecular chemistry,
all related to symmetry.
For example, molecules may have atoms such as Hydrogen and Oxygen

arranged in various symmetric orientations around some other centrally po-
sitioned atom such as Carbon. Frequently, the arrangement of electron orbits,
or the sharing of electrons or quantized energy levels, or atomic bonds, etc.
can be determined from just the physical arrangements in the molecule, itself.
Permutations of these symmetries can be interpreted as the elements of a sym-
metric group, and knowledge of their symmetric structure is useful in analyzing
the atom, and predicting chemical reactions.
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